It is shown that the crack driving force for a fundamental antiplane crack problem is analogous to the limiting case of the force acting on an ideal fluid on free streamlines that form at the ends of flow around two parallel plates.
Introduction
One of the more difficult concepts for students to comprehend in an introductory course on fracture mechanics is the crack driving force. By employing a simple hydrodynamic analogy between the free streamline problem for potential flow around two finite-length plates [1, 2] and an analogous mode III slot problem [3] [4] [5] [6] , visualization of an analogous force acting on the free streamlines is possible. Recovery of the standard crack driving force for a linear elastic mode III crack problem can be obtained from the mode III slot solution by allowing the width of the slot to mathematically approach zero.
In Figure 1a , one finds a schematic drawing of a mode III slot problem as analyzed previously in [6] . Because of the symmetry of the problem with respect to the vertical axis C ′ B ′ BC, only the right hand side of the infinite plate is depicted. Similarly, in Figure 1b , the analogous free streamline problem of [1, 2] is depicted.
The slot geometry is designated by the letters B ′ A ′ MAB in Figure 1a . The stationary fluid boundary has an identical labeling in Figure 1b , and is composed of the two-dimensional plates A ′ B ′ and AB plus the free streamline A ′ MA. In the slot problem a remote antiplane shear traction is designated in the figure by τ∞; whereas, in the fluid flow problem the uniform velocity at infinity is labeled v∞.
The slot boundary is traction free along its surface B ′ A ′ MAB. The basic tenets along any free streamline are that the pressure and speed are constant [2] . A fluid streamline follows the path C ′ B ′ A ′ MABC around the plates where at the ends of the plates a free streamline forms. Along the free streamline A ′ MA, a velocity discontinuity ∆v occurs separating the moving fluid from the stationary fluid.
In cases when the moving fluid is liquid water, the stationary fluid can be interpreted as water vapor thus defining a class of problems associated with cavitation phenomena [2] .
The shape of the end of the slot A ′ MA and also of the free streamline are given in Cartesian coordinates (x R , y R ) by the following parametric relationships in θ
where a is a scaling parameter with units of length. The specific definitions of the elliptic integrals in (1) are those adopted in [7] . The various relationships among parameters appearing in the elliptic integrals of (1) are
The Cartesian coordinates of two key points A and M, shown in the figures, are respectively
As m 1 → 0, both x A and x M → a, and y A → 0. Therefore a crack problem of crack length 2a can be recovered from the slot problem as a limiting case as m 1 → 0. Note the Figures 1 were generated with a value of m 1 = 0.01 and a = 1.
Fluid flow analysis
Let us follow a streamline C ′ B ′ A ′ MABC beginning at the bottom of Figure 1b where y is at negative infinity. For convenience, it is assumed the pressure p∞ there is zero and the speed has the arbitrary value v∞.
Bernoulli's equation has the general form along a streamline p + 1 2
where ρ (constant) is the density of an incompressible, inviscid fluid. Using the values of pressure and velocity at infinity, one finds that the value of the const in (5) is
At the start of the free streamline A ′ and continuing to A one finds from (5) and (6) that
where pc is the pressure of the moving fluid and c is its speed along the free streamline. Along the interface of the free streamline and the stationary fluid, Newton's third law requires that the pressures be opposite in direction as they act on this fluid membrane separating the media. Therefore the pressure of the stationary fluid pc in the cavity needed to counterbalance the pressure of the moving fluid is
Now the differential driving force per unit thickness that (8) induces along the free streamline is
where α is the angle to a unit normal to the boundary A ′ MA as shown in Figure 1a , and ds is the differential arc length along the free streamline. Geometrically, the following differential relationship exists along A ′ MA dy = cos α ds.
Consequently by substituting (8) and (10) into (9) one finds
where y A is given by the second equation in (3) . Now by an analogy found previously in [6] k ′ = (︁ v∞ c )︁ 2 (12) and using (2), the form of (11) becomes
For use in comparing the fluid problem to the slot problem, the distance separating the two surfaces A ′ B ′ and AB will be small, and correspondingly the value of 1/ √ m 1 will be large. Under these circumstances, the second term in the parentheses of (13) may be neglected to yield the approximation
3 Slot analysis
One of the more interesting features of the slot solution of [6] is that the equivalent shear stress is constant along the rounded slot tips. The equivalent shear stress is de-
where τxz and τyz are the antiplane shear stresses. By identifying τeq as the yield strength in pure shear τ 0 , the von Mises or Tresca yield condition is satisfied on the rounded ends of the slot. This characteristic allows the solution to be interpreted as being associated with either a purely linear elastic problem or as a linear elastic problem with incipient plastic material at the slot ends. The crack driving force for linear elastic fracture mechanics is often designated by G in honor of A. A. Griffith [8] . For linear elastic fracture mechanics the energy release rate may be calculated from the J-integral [9] . The J-integral for the slot problem in this analysis reduces to
as there are no tractions along the slot surface. The symbol W in (16) represents the strain energy density. For linear elastic materials, the J-integral is equal to G and consequently the crack driving force. Along the slot tip, the strain energy density may be calculated from the relationship
where G is the shear modulus, and τ 0 is the constant state of equivalent stress along the slot tip. In [6] it was determined that
which is the solids counterpart to fluids relationship (12) for the slot problem. Therefore, by substituting (17) and (18) into (16), one obtains
If one compares (19) to (14), the analogy between the two problems is obvious. By taking the limit of (19) as m 1 → 0 the crack driving force of the mode III crack problem is recovered
(20)
Similarly, the limit of either (13) or its approximation (14) is
Naturally the visual impact of forces acting on a surface associated with (21) is lost as sides A ′ B ′ and AB approach one another and the surface A ′ MA degenerates to a point.
Closing
Hopefully, this analysis can serve in the classroom as an aid to visualizing the crack driving force through fluid analogy.
It should be mentioned that the results presented here are not directly applicable to modes I and II crack problems as the governing partial differential equation is different from that of the mode III problem. For plane problems the governing partial differential equation is biharmonic. Both mode III crack problems and ideal fluid flow problems are governed by Laplace's equation. In addition, there is no known analogy to the free streamline solution for the biharmonic equation.
It is also worth noting that the approximate mode I and mode II slot problem solutions proposed in [3, 4] , for the same slot geometry analyzed here for the mode III slot problem, have been shown in later years to be invalid. However, a good approximation for the stress concentration factor of the mode I slot problem of this type does exist [5] . This approximate stress concentration factor was verified using the commercial finite element program Ansys 14.5, (Ansys, Inc., Canonsburg, PA, USA). 
Elliptic integrals
The incomplete elliptic integrals of the first and second kinds that are used in (1) are defined respectively as
For ϕ = π/2 these functions (A1) are called complete elliptic integrals of the first and second kind respectively and are designated by
Appendix B Plotting streamlines
In order to plot the streamlines shown in Figure 1b , one defines the following complex variable ζ
where ξ and η are real variables. A particular streamline is represented in the figure by a constant value of ξ . Similarly, a constant value of η represents an ideal fluid poten- tial line, which is orthogonal to the family of streamlines (potential lines are not shown in Figure 1b ). Next, a complex representation z = x + i y of the physical plane in Cartesian coordinates (x, y) is defined [3, 4] as
where ϕ is expressed in terms of the Jacobian elliptic amplitude [7] as ϕ = amp(w, m),
and the function w = w (ζ ) in (A4) and (A5) is given by
The parameter a of (A4) is the same as in (1) . The parameters b and d of (A6) are defined in terms of those previously defined in (2) by the following relationships b = 1 2
The functions sc and cs in (A4) are Jacobian elliptic amplitude functions [7] and sc −1 is the inverse function of sc in (A6).
The Jacobian elliptic amplitude amp (w, m) is defined as the inverse function of the complete elliptic integral of the first kind. Figure 1b was generated using the following limits
with the parameter m 1 = 0.01. Note that (A4) was defined in [3, 4] for the half plane −∞ ≤ x ≤ 0, so that Figure 1b was actually generated as the reflection of the left-hand half plane across the y-axis using this relationship.
Appendix C Equivalent shear stress trajectory lines
An analogy exists between the streamlines shown in Figure 1b and the equivalent shear stress trajectory lines of the slot problem. In Figure 2 , the equivalent shear stress trajectory lines are shown where a Westergaard stress function was used [3, 4] to determine the equivalent shear stress (15) Z III = τ∞nd (w, m) , where (A9) τxz = Im (Z III ) , τyz = Re (Z III ) .
The function nd in (A9) is the reciprocal of the Jacobian elliptic amplitude function dn. The equivalent shear stress (15) is everywhere tangent to its trajectory lines. The equivalent shear stress trajectory lines shown in Figure 2 are identical mathematically to those relationships used for plotting the streamlines shown in Figure 1b . Along the slot tip a maximum equivalent shear stress is depicted in Figure 2 for m 1 = 0.01. This value is analogous to the maximum speed c of (12) found along the free streamline in the fluid flow problem. Both the maximum equivalent shear stress along the slot tip and the maximum speed along the free streamlines remain constant along curves AMA ′ of Figures 1. 
